We present an advanced numerical formulation to calculate the optical properties of 3D nanoparticles (single or coupled) of arbitrary shape and lack of symmetry. The method is based on the (formally exact) surface integral equation formulation, implemented for parametric surfaces describing particles with arbitrary shape through a unified treatment (Gielis' formula). Extinction, scattering, and absorption spectra of a variety of metal nanoparticles are shown, thus determining rigorously the localised surface-plasmon resonances of nanocubes, nanostars, and nanodimers. Far-field and near-field patterns for such resonances are also calculated, revealing their nature. The flexibility and reliability of the formulation makes it specially suitable for complex scattering problems in Nano-Optics & Plasmonics. 
Introduction
In the last decades, nanofabrication and detection techniques have achieved a remarkable development providing the tools to fabricate and characterise particles at the nanoscale in many different shapes and materials [1] [2] [3] . Nanoparticles have been key to the intensive research on Plasmonics [4] [5] [6] , since these nanoparticles may exhibit localised surface plasmon resonances (LSPRs), the collective oscillations of the sea of electrons on the surface of the nanoparticles. One of the most appealing features of LSPRs is the huge amplification of the electromagnetic field (EM) at the resonance wavelengths, that have been widely applied in spectroscopy and more explicitly on surface-enhanced Raman spectroscopy (SERS) [7] [8] [9] . Moreover, their ability to strongly couple light in and out as nanoantennas has widely been stressed lately [5, [10] [11] [12] [13] .
From the theoretical point of view, a big effort has been recently focused on revisiting and developing methods to solve (Maxwell) scattering equations. A few analytical solutions are known for very simple geometrical shapes as spheres, cylinders or ellipsoids [14] . As long as the interest typically lies in nanoparticles with complex, arbitrary shapes, or interacting particles, a numerical approach is usually needed [15] .
A wide range of methods are available for studying optical scattering problems in the classical regime, which can be roughly classified according to: (i) Volume methods (integral and differential) as the finite-different time domain (FDTD) [16] and finite element method (FEM) [17] , where the whole space has to be discretized in order to calculate the electromagnetic field, and dyadic green function technique [18] , and Discrete Dipole Approximation (DDA) [2, 19] , where the scatterer volume has to be discretized; and (ii) surface methods as the T-Matrix [20] , boundary element method (BEM) [21] , and various implementations of surface integral equations (SIE) [22, 23] , where only the surface of the scatterers has to be discretized, saving computational time and memory requirements. Incidentally, their reliability has been recently revised, and questioned, with regard to the simple validity criterion of reproducing the LSPR of a metal nanosphere [15] .
There exist different implementations of the SIE based on the vectorial version of the second Green's theorem. In this regard, commonly used in the microwave regime is the method of moments (MoM) [24] , which has recently been extended to the visible [25] . On the other hand, the Green's theorem method (GTm) became an appealing method in the early nineties to study 2D semi-infinite rough surfaces [22] . The GTm has been implemented in many different ways, for many different geometrical configurations: 1D semi-infinite rough surfaces [22, 23] , 2D semi-infinite rough surfaces [26] [27] [28] [29] , 2D closed surfaces in parametric equations [30, 31] , 3D closed surfaces in electrostatic approximation [32, 33] , and 3D closed surfaces with axial symmetry [34] . However, it remains still undone a general implementation of the GTm for 3D closed surfaces without any approximation.
In this article we introduce a general formulation of the GTm for an arbitrary number of 3D-scatterers with arbitrary shape, with the help of what we call flexible surfaces: From a unique formula in parametric coordinates, the 3D extension of 2D Gielis' superformula [35] , a variety of shapes can be implemented by only modifying the shape parameters. This allows us to obtain scattering, extinction, and absorption spectra, along with near field distributions and radiation patterns at given wavelengths, for nontrivial geometries of undoubtedly interest in Plasmonics and Nanophotonics. This work is organised as follows. In Section 2, we introduce the scattering equations for one and more scatterers in terms of the components of the electromagnetic field on the surface, and the numerical implementation of the method. In Section 3, we discuss useful expressions to describe surfaces called flexible surfaces. Next in Section 4, we show how the method works including results of LSPRs for a variety of complex nanoparticles: spheres (to test Mie), cubes, dimers and stars. We finally draw conclusions from the results in Section 5.
General description of the method

Scattering equations for a single scatterer
In Fig. 1 , we show the physical configuration of the scattering problem we are dealing with: A group of scatterers made of different materials with arbitrary shape embedded in a surrounding medium characterised by a dielectric permittivity ε out . A monochromatic plane wave of frequency ω (incident field), impinges on the scatterers with module |E i | at an arbitrary direction of propagation with propagation constant k 0 = ω c √ ε out . It is assumed all over the paper that the time dependence of the fields is harmonic e −iωt . The electromagnetic fields outside (E > , H > ), and inside (E < , H < ) of a scatterer with volume V and arbitrary shape Ω generated by the interaction between the scatterer and the incident field are described by the Stratton-Chu equations [26, 27, 36] :
where
is the scalar green function in the material with electric permittivity ε in/out , and the vector n is the normal vector to the surface pointing outwards. In Eqs. (1), we assume μ = μ in = μ out = 1. Equations (1) express the EM fields in the entire space in terms of integrals over the scatterer surface, where the unknown magnitudes are related to the EM fields evaluated on the surface, which play the role of surface EM sources.
System of integral equations: Surface EM fields
In order to solve Eqs. (1) we have to make two different choices. Firstly, we have to explicitly choose the surface magnitudes that are unknowns in the system of integral equations. In the literature, sources are chosen with different criteria [26] [27] [28] [29] [30] . In this work our unknown surface magnitudes are the (two) tangential and (one) normal components of the surface electromagnetic field, namely:
Now we need at least 6 scalar equations from Eqs. (1) to match the 6 unknowns. To this end, we first evaluate Eqs. (1) on the scatterer surface (by making r tend to Ω from either outside or inside, as needed), and connect EM fields outside and inside through the continuity conditions across the scatterer surface, namely:
Finally, we choose Eqs (1a,d) (projected to the surface normal) and Eqs (1b,d) (projected to the surface tangents) as the six scalar equations that constitute our system of surface integral equations. At this point, the local vectorial basis has to be chosen on any point of the surfaces where the sources are going to be calculated. In our 3D-GTm formulation, we choose the two tangent vectors and the normal vector to the surface on any point of the surface scatterer as the vectorial basis:
where r t and r s are the derivative of the vector position with respect to the parameters t and s, (see Section 3 below). In this manner, we are explicitly stating the parametric equations as the descriptor of the surfaces, since it is the more natural way to obtain the vectorial basis.
Numerical implementation: Quadrature scheme
In order to convert the above mentioned system of integral equations into a system of linear equations, we introduce a classical quadrature scheme of the surface integrals,
where Δ i is an arbitrary element of the mesh and r i denotes the position vector of the point at the centre of the interval. Making use of the quadrature scheme introduced above all over the integrals, and projecting Eqs. (1), as mentioned above, onto the vectors of the natural basis of the surface, Eq. (4), we obtain the system of linear equations. In this regard, we have to take the divergences of the Green function into account. If r ∼ r , from the definition of the Green function, it follows that G(r, r ) → ∞ and ∇G(r, r ) → ∞. In order to deal with these difficulties, it is needed to perform an analytical integration of the divergences of Eqs. (1) with the prescriptions in Refs. [22, 38] . Roughly speaking, a grid of 10 3 surface elements and a precise integration of the interaction terms involving green function within every interval Δ i is enough to reach convergence in calculations for isolated particles (e.g. cube) with typical size about 50 nm. The calculation takes nearly 150 minutes on an Intel Xeon Quad-Core X5550 2,67 GHz, without any fine tuning.
Near field
From the knowledge of the field on the surface and using Eq. (1a) and Eq. (1b), we can calculate the electric near field distribution outside and inside the scatter, respectively. Likewise, Eqs. (1c-d) determine the magnetic near field. Bear in mind that the near EM field components will be described in a vectorial basis (for instance, cartesian or polar coordinates) different from the local vectorial basis onto which the EM fields on the scatterers surface are projected.
Far field
The starting point to find the expressions ruling the far field distribution are also Eqs. (1a,d), as in the case of the near field. In the far field, r r holds, so that |r − r | ≈ |r| − r |r| · r .
Therefore, taking such limit in the general expressions of the Green's function and its gradient leads to:
By introducing Eq. (6) into Eq. (1a), we find the expression of the scattered electric field in the far-field, as outgoing spherical waves
Likewise, we can find the equations for the magnetic field. Equation (7) can be projected onto the polarization plane in the far-field zone, which is defined as the plane perpendicular to the wave number vector k, leading to:
where we have used the properties of the mixed product in the second term of Eq. (7). R t , R s are the tangent vectors to the surface of integration in the far field. From the far-field amplitudes, physical magnitudes such as the scattering cross section (Q sca ), the extinction cross section (Q ext ), and the absorption cross section (Q abs ) can be calculated [37] :
where f w means the forward direction defined by the direction of incidence.
Multi-scatterers
Once we have introduced the method, we can generalize it to more than one scatterer. Let M be the number of scatterers, assuming they are not touching each other. The four surface integral equations (Eq. (1)) have to be modified to account for the M scatterers in the following manner. First, those equations describing the electric and magnetic fields in the embedding medium, Eqs. (1a) and (1c), now include the contributions from all M scatterers. Therefore, the two surface integrals in the right-hand sides of Eqs. (1a) and (1c) become 2M integrals over the surface of every scatterer. These 2M surface integrals indeed take into account the interaction between the EM fields from all M scatterers in the surrounding medium. Second, instead of the two equations describing the electric and magnetic fields inside the single scatterer, Eqs. (1b) and (1d), there are 2M equations describing the electric and magnetic fields inside every scatterer. Needless to say, the dielectric functions appearing in the integrands and green functions of each two pair of equations are given by those of the bulk medium of the corresponding scatterer. In this regard, every scatterer can be made of a different material. In summary, we end up with 2+2M surface integral equations to rigorously describe the EM field in the entire space in the case of M scatterers. The details of the numerical implementation will be shown elsewhere.
Flexible surfaces: 3D supeshape
We have introduced in the latter section the parametric coordinates as the descriptor of the surface of the scatterers. This could be considered as a limitation of our method, since we need at least a C 1 class function with respect to both parameters in order to achieve the expressions of the parametric equations of the surfaces. For instance, if we wish to consider a cube shape in our method, we should use a piecewise function in order to describe the six faces of the cube, arising indeed problems of sharpness related with the cube vertex. Moreover, the tangent vectors of the vertex would not be well defined.
In order to deal with these kind of problems, we introduce flexible surfaces, namely a surface based on the coordinates of a well known surface such as a sphere, a plane, a torus,.., with the commonly constant parameters of those surfaces depending however on the natural parameters of the surface as well. The flexible surface based on a sphere, called supershape (SS) or superformula [35, 39] , gives rise to a variety of exotic surfaces commonly used in the field of Plasmonics, from a simple sphere to cube, cylinder, cone, tetrahedron, prism, and star. The parameters allow us to change not only the symmetry of the shape but also the sharpness of the vertex, getting closer to realistic nanoparticle designs. The SS parametric equations are:
and r 1 , r 2 are two different realizations of the parameters n 1 , n 2 , n 3 , m, a, b in Eq. (11) . In order to understand how the supershape works, we can consider the set of Eqs. (10) as a deformation of the spherical coordinates, where the parameters t and s play the role of the angles in spherical coordinates, and the radius depends on them as well. That local dependence of the radius on the angles makes the supershape become different surfaces, for different groups of parameters, n 1 , n 2 , .... For a catalogue of the different shapes allowed to the spherical supershape and to different supershapes, as the toroidal one, see e.g. Ref. [39] .
The parameters t and s are not the natural parameters of the supershape, so that the resulting tangent and normal vectors are not an orthogonal base. Therefore we have to use the GramSchmidt orthogonalization process in order to find an orthogonal basis.
LSPR on complex nanoparticles
Single nanospheres: Mie comparison
With the purpose of comparing this method with the exact solution due to Mie [14, 40] , we have calculated Q sca and Q ext in vacuum for a metal sphere made of silver [41] with 5 nm radius. In Fig. 2(a,b) we show the dipole LSPR of the sphere at 355 nm calculated with both methods. GTm clearly reproduces the Mie spectra, although the resonance is very sharp, which requires more accuracy from a numerical method [15] . In Fig. 2(c) , we show the 3D radiation pattern calculated with our GTm at the LSPR, revealing the expected toroidal pattern with no radiation along the polarization direction (dipolar pattern). In Fig. 2(d) the radiation pattern distribution on both the polarization plane and the perpendicular one is plotted at the resonance wavelength, showing that the dipolar pattern exhibits in fact slightly asymmetrical lobes, as expected. Finally, the near field distribution on the plane of polarization at the LSPR is plotted in Fig. 2(e) corroborating the expected dipolar charge distribution along the polarization direction (x axis). The near field amplitude is shown along the white line drawn in Fig. 2(e) for both the Mie and the GTm solutions, in Fig. 2(f) , confirming the accuracy of the GTm also for near field calculations.
Single supershape: from sharp/rounded nanocubes to nanostars
To reveal the flexibility of our GTm implementation, we now study the dependence of the Q sca of a silver cube in vacuum on the rounded level of the corners. This is indeed a critical issue upon comparing theoretical calculations with experimental measurements, for real life nanoparticles often differ from perfect mathematical shapes [42] . In order to generate a cube with the SS, we have to choose n 1 = n 2 = n 3 ≡ n > 4, a = b = 1, and m = 4. The parameter m and the degeneracy of the parameters n 1 , n 2 , n 3 to n defines the system as a cube. Taking different values for n, from n = 5 to n = 20, we change the sharpness of the cube corners, the larger the value of n the sharper corners; for n > 20 the cube sharpness does not significantly change. The results are shown in Fig. 3 . It is readily observed that, two changes are produced on the Q sca with increasing n. Firstly, if we make the corners sharper the scattering of the cube becomes larger: the charge is accumulated on the corners due to the fast variation of the curvature and that increases the scattered field. Secondly, the LSPR of the cube redshifts about 20 nm as we increase n. This can be understood upon taking into account that the SS changes from a surface close to a sphere (n = 5), to a cube (n > 20). Therefore the resonance wavelentgh has to evolve from a resonance close to that of a sphere with r = 25 nm, λ 360 nm, to the resonance of a sharp cube, at λ 400 nm. These two effects have been reported in Ref. [43] , even though the method therein to round the cube is truncate its corners, which is very different to our approach. The SERS enhancement factor can be estimated from |E| 4 evaluated on the surface. For the cubes under study we obtain a value from |E| 4 ∼ 2 · 10 4 , (n = 8) to |E| 4 ∼ 9 · 10 4 , (n = 20). Even though those values of the enhancement factor make single nanocubes suitable SERS substrates, they are not large enough to guarantee in general detectable SERS signals.
To illustrate the versatility of the method, we now study a complex nanoparticle with low symmetry such as a nanostar. The parameters of the SS for star shape are
where m rules the symmetry of the star. In Fig. 4 the extinction cross section, the surface field distribution, and the far field pattern are shown for a 5-fold symmetry nanostar with only a symmetry axis, with parameters n 1 = 0.2, n 2 = n 3 = 1.85, a = b = 1, m = 5 for both realizations of the parameters of the SS, [r 1 = r 2 in Eq. (11)]. The incident field propagates along the z-axis from bottom to top, and the polarization is oriented along the x-axis (see Fig. 4 ). There is only a strong LSPR at λ = 380 nm, which exhibits very asymmetric radiation patterns, shown in the far field distribution, Fig. 4 (c). (In [44] the plasmon resonances of 2D nanostars are calculated, which are essentially dipolar). The 3D nanostar reveals a richer, extremely asymmetric structure with many lobes. In spite of such asymmetry, note that in the plane of polarization, the far field distribution consists of two opposed lobes reminiscent of a dipolar pattern, with a much larger lobe directed along the forward direction, stemming from the top star spike (see Fig. 4(d) ). The enhancement factor for the nanostar is |E| 4 ∼ 10 7 , which is a value large enough to SERS applications as pointed out in [44] . To the best of our knowledge, this is the first time that a full calculation for the scattering of a 3D-star shape has been shown in the literature; the only attempt has been performed on a system with axial symmetry consisting of a sphere with two spikes [45] .
Symmetric and asymmetric dimers
In Fig. 5 , we show the scattering cross section of three sort of dimer: namely, sphere-sphere (ss), cube-cube (cc), and cube-sphere (cs). Dimers have been intensely used in Plasmonics and Nanophotonics due to the large fields generated in the gap, and their behaviour as optical nanoantennas [12, 42] . The scatterers are made of silver with r = 15 nm in the case of the sphere, and L = 30 nm in the case of the cubes, with the gap width g = 1.5 nm; in all cases the polarization of the incident field is along the dimer axis. Firstly, we have to point out the fact that the system ss can be compared to the extended Mie model [46] . The GTm reproduces both the position of the resonances and the shape of the spectra. By inspecting the three spectra, we can conclude that the spectrum of the system cs is a mixture of both the ss system and the cc, due to the fact the cs system shares features of both within the range λ = 340 ∼ 370 nm. In addition, the main longitudinal LSPR at λ = 405 nm lies between those of the systems ss and cc. The same holds for the surface EM field intensity at the hot spots on the three systems, which explains the similarities between all of them. 
Conclusion
In this paper we have developed a numerical implementation in parametric coordinates based on the second Green's Theorem for the light scattering from nanoparticles called 3D-GTm. The surfaces have been described by equations called flexible surfaces, more specifically the one called Supershape. Both together the implementation of the 3D-GTm for an arbitrary number of three dimensional scatterers with different shape and electromagnetic properties, and surfaces without any specific symmetry as the flexible surfaces, become a powerful approach to scattering problems involving different kind of shapes, electromagnetic sources, materials on the scatterers and surrounding media. In addition, our method has three critical advantages. Firstly, the formalism is formally exact, so it takes into account the full non retarded multipolar contributions. Secondly, it needs a unique implementation to achieve a huge sort of different shapes. Thirdly, the numerical implementation scales with the particle surface rather than with its volume. Results are presented only for metal nanoparticles, but the formulation can be directly applied to dielectric scatterers, e.g. to tailor the magnetic response of Si nanoparticles [47] . Although the formulation introduced in this paper is restricted to isotropic dielectric permittivity, the GTm can be generalized to the study of dielectric nanoparticles with magneto-optical response. In order to show the validity and versatility of the method, we have studied different nanoparticles commonly used in experimental configuration of interest in Plasmonics and Nanophotonics: Spheres, cubes, stars, and dimers. We deal with complex isolated nanoparticles and interacting ones, including information about the cross sections, the radiation properties in order to understand the features of the plasmonic resonances, along with the surface and near field distributions at resonance wavelengths. For instance, the redshift of nanocube LSPR upon sharpening the corners is rigorously revealed. In addition, strong LSPR of 3D nanostars of inter- est in SERS are shown to exhibit large field enhancements and extremely asymmetric radiation patterns. With regard to SERS, longitudinal LSPR of symmetric and asymmetric nanodimers are also investigated that yield larger enhancement factor within the gap region. The method that we have introduced along this article is fully applicable to a wide range of physics disciplines involving EM waves at different spectral regimes (optical, IR, THz,...), as metamaterials, nanophotonics, optical nanoantennas.
